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DISTRIBUTION OF ROOT NUMBERS OF HECKE CHARACTERS ATTACHED TO
SOME ELLIPTIC CURVES
KEUNYOUNG JEONG, JIGU KIM, TAEKYUNG KIM
Abstract. In this paper, we show that an action on the set of elliptic curves with j  1728 preserves
a certain kind of symmetry on the local root number of Hecke characters attached to such elliptic
curves. As a consequence, we give results on the distribution of the root numbers and their average
of the aforementioned Hecke characters.
1. Introduction
Let K be the number fieldQ(i) and O its ring of integers. We fix an embedding K ֒→ C once and
for all. The main object of this paper is the root number of Hecke characters attached to elliptic
curves with complex multiplication by O. Unlike the case of root numbers of elliptic curves, root
numbers of Hecke characters associated with the curves need not have value ±1, and in general
they have values in the complex unit circle. However, wewill show that there is still a “symmetry”
on these root numbers.
Before giving a formal definition of the symmetry, we define some basic notions. By the
theory of complex multiplication, the elliptic curve with complex multiplication by O is uniquely
determined by an equation
Ed : y
2
 x3 − dx
up to isomorphism defined over K for the fourth-power-free element d ∈ O. Let E be the set of
K-isomorphism classes of such elliptic curves. Then the group K×/(K×)4 acts on E by x.Ed : Exd .
By definition, an element x of K× gives an action of order dividing 4, i.e., x4.Ed is isomorphic to
Ed .
We say that an action induced by x preserves a symmetry on the (local) root numbers when the
root numbers are changed only by a multiple of (2π)/4 via the action. Since every root number
of elliptic curves is either 1 or −1, arbitrary actions induced by an element of K×/(K×)4 preserve
a symmetry on the root numbers of elliptic curves. However, in the case of Hecke characters
attached to elliptic curves with complex multiplication, it is not true in general. Nevertheless, we
will show that units and primes of degree two (cf. Subsection 2.1) preserve a symmetry on the
root numbers of Hecke characters. More precisely, we will compute the ratio between the root
numbers of Hecke character induced by Ed and x.Ed where x is a unit or a prime of degree two.
Intuitively, the existence of such a symmetry-preserving action shows that the local root numbers
do not particularly prefer one quarter circle than others. By adapting this intuition, we can show
that the set of local root numbers of Hecke character of elliptic curves with complexmultiplication
by O at bad primes is dense in the unit circle.
Theorem 1.1. Let S1 be the unit circle in C. For arbitrary θ ∈ S1 and ǫ > 0, there is an elliptic curve
E having CM by the ring O and a prime v of K such that the root number wv(χE) ∈ Bθ(ǫ) where Bz(r)
denotes the open ball having centre at z ∈ C and radius r > 0.
As primes of degree two preserves a symmetry, when we are given a local root number, there
are certain powers of a prime of degree two that do not change the given root number when
multiplied by the prime.
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Theorem 1.2. Let θ ∈ S1 be fixed. If there exists a single elliptic curve E0 having CM by the ring O and a
prime v of K such that the root number wv(χE0)  θ, then there are infinitely many (isomorphism classes
of) elliptic curves E having CM by O such that wv(χE)  θ.
Local symmetry-preserving properties also lead us into the computation of the average value
of the global root numbers. Given a suitable “base element” d ∈ O, we investigate the local root
numbers of Hecke characters χdQ, where Q varies over the products of distinct primes of degree
two. The symmetry-preserving property for these kinds of primes allows us to compare the
local root numbers between χd and χdQ. With a help from quartic reciprocity and the balanced
distribution of quadratic residues, we can show that the average “global” root number (except for
the 2-part) with such varying Q is equal to zero.
Theorem 1.3. For a real number X > 0, let Q(X) be the set of elements in O which can be represented as
the product of distinct primary primes of degree two (i.e. of the form −q for rational primes q with q ≡ 3
(mod 4)), and which has absolute value less than X. Fix d ∈ O of the form
d 
∏
i∈I
πi ·
∏
j∈J
(−q j)n j ,
where πi are primary primes of degree one and −q j are primary primes of degree two, for i ∈ I and j ∈ J.
For such a d, let us consider the elliptic curve Ed defined as in (5) together with their twists EdQ and their
corresponding Hecke characters χdQ. Then,
lim
X→∞
1
|Q(X)|
∑
Q∈Q(X)
w(χdQ)
w2(χdQ)  0.
The “ideal” statement in this direction would be
lim
X→∞
1
|Ed(X)|
∑
E∈Ed (X)
w(χE)  0,
where Ed(X) is the set of elliptic curves obtained by twisting Ed with an element in O whose
absolute value is less than X. However, we have a trouble in computing the local root number at
a prime above 2, and we only have a symmetry on primes of degree two. For these reasons, we
use Q(X) instead of Ed and w(χE)/w2(χE) instead of w(χE).
This paper is organised as follows: in Section 2, we recall some basic facts about the Gaussian
integers O, elliptic curves with complex multiplication by O, and Hecke characters associated by
elliptic curves with complex multiplication by O. In Section 3 we give certain concrete computa-
tions on such Hecke characters, even though these topics are already studied by [RS09]. In Section
4 we will give a proof for the main results of this paper.
2. Preliminaries
2.1. Gaussian primes. Consider the number field K  Q(i) and its ring of integers O  Z[i]. The
elements of O are called Gaussian integers. The unit elements amongst them are exactly 1,−1, i
and −i. A non-unit α ∈ O is called to be primary if α ≡ 1 (mod 2(1 + i)). Such primary elements
α  a + bi are classified as the elements with (a , b) ≡ (1, 0) (mod 4) or (a , b) ≡ (3, 2) (mod 4). It is
well-known that if α is a non-unit element in O with (1 + i) ∤ α, there is a unique unit u such that
α˜  uα is primary. Since K has class number one, the ring O is a unique factorisation domain,
and thus for any non-zero d ∈ O, we have a unique primary prime decomposition
d  inu · (1 + i)n2 ·
∏
π:primary primes
πnπ , (1)
2
with nu ∈ {0, 1, 2, 3} and n2, nπ ≥ 0 being integers, where the product runs over all odd (elements
not divisible by (1 + i)) primary prime elements in O. We say that a prime ideal of O, or a prime
element generating the ideal, or even the valuation corresponding the ideal, is of degree one (resp. of
degree two) if its residual degree is equal to one (resp. two).
2.2. Quartic residue symbol and quartic reciprocity. Suppose that π is an odd prime element of
O and α ∈ O is an element prime to π. The quartic residue character of α (mod π) is the unique unit
ik (k ∈ {0, 1, 2, 3}) such that α Nπ−14 ≡ ik (mod π). Here Nπ is the absolute norm of π (i.e. the size
of the residue field O/πO) and the existence of such unit is guaranteed by Fermat’s little theorem:
αNπ−1 ≡ 1 (mod π). The quartic residue character of αmodulo π is denoted by
( α
π
)
4
. We use the
following well-known properties on the quartic residue character in the present paper.
Proposition 2.1 (Properties of the quartic residue symbol). Let π  a + bi be an odd prime element
in O and α, β ∈ O Gaussian integers prime to π. Then the following hold.
(1)
(
αβ
π
)
4

( α
π
)
4
(
β
π
)
4
.
(2)
( α
π
)
4

(
α
π
)
4
, where (·) denotes the complex conjugation.
(3) If π′ is an associate of π, then
( α
π
)
4

( α
π′
)
4
.
(4) If α ≡ β (mod π), then
(α
π
)
4

(
β
π
)
4
.
(5) Let q be a rational prime congruent to 3 modulo 4. Then for any a ∈ Z with a , 0 and q ∤ a, we
have
(
a
q
)
4
 1.
For future reference, here we also give the quartic reciprocity law.
Theorem 2.2 (Quartic Reciprocity). Suppose that α, β ∈ O are primary (hence not even) relatively prime
non-unit elements. Then (
α
β
)
4
(
β
α
)−1
4
 (−1)Nα−14 Nβ−14 , (2)
or equivalently, (
β
α
)
4


−
(
α
β
)
4
if both α and β are ≡ 3 + 2i (mod 4),(
α
β
)
4
otherwise.
(3)
Furthermore, we have the following auxiliary relations for a primary prime π  a + bi:(
i
π
)
4
 i
−a+1
2 and
(
1 + i
π
)
4
 i
a−1−b−b2
4 . (4)
2.3. Elliptic curves having CM by O. Let E be an elliptic curve defined over the algebraic closure
of Q having complex multiplication by O. From the classical theory of complex multiplication,
such E is defined over the Hilbert class field of K, which is K itself and its j-invariant is 1728.
Furthermore, such elliptic curves are defined by the Weierstrass equation
y2  x3 − dx , d ∈ O (5)
where the discriminant of the equation ∆  26d3 , 0. The curve defined by the equation (5) is
denoted by Ed . Note that two such equations for d and d
′ define the isomorphic curve if and only
if d′  x4d for some x ∈ O. For convenience, we therefore assume d is fourth-power-free.
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For future reference, we also investigate the reduction type of E modulo the prime (1 + i). This
can be easily verified by using Tate’s algorithm (e.g. see [Sil94, §IV.9]).
Lemma 2.3. Let E/K be an elliptic curve defined by a Weierstrass equation (5) with fourth-power-free d.
We write π  1+ i ∈ K and consider the power series expansion of d in the completion Kπ of K with respect
to π:
d 
∞∑
j0
d jπ
j , d j ∈ {0, 1}. (6)
Then the reduction types of E and corresponding conductor exponents are given in terms of the values of d j
in the Table 1.
d0 d1 d2 d3 d4 d5 Reduction Type Conductor Exponent
0 0 0 1 - - III∗ 14
0 0 1 0 - - I∗
4
10
0 0 1 1 - - I∗
2
12
0 1 - - - - III 14
1 0 0 0 - - I∗
2
6
1 0 0 1 - - I∗
0
8
1 0 1 0 0 0 good 0
1 0 1 0 0 1 II∗ 4
1 0 1 0 1 0 II∗ 4
1 0 1 0 1 1 good 0
1 0 1 1 - - I∗
0
8
1 1 - - - - II 12
Table 1. Reduction types and conductor exponents of the elliptic curve Ed , in terms
of the power series expansion of d (cf. (6)). Here - means that the corresponding
value is irrelevant.
2.4. Hecke characters associated with CM elliptic curves and their root numbers. For a non-zero
ideal f of O, we define:
K(f)  {α ∈ K× : (αO , f)  1},
Kf  1 + K(f)f  {α ∈ K× : α ≡ 1mod× f} ⊂ K(f),
I(f)  {fractional ideals of K coprime to f},
P(f)  {principal fractional ideals αO of K coprime to f},
Pf  {principal fractional ideals αO of K where α ≡ 1mod× f }.
Let E  Ed be an elliptic curve defined over K with the same assumptions as in Subsection
2.3. From the theory of complex multiplication of elliptic curves, there is a Hecke character
χA : A
×
K
/K× → C× where A×
K
is the idèle group of K. In terms of ideal groups, this can be viewed
as a pair (χ, χ∞), where χ : I(f) → C× is a character from the ideal group co-prime to a non-zero
ideal f of O, and χ∞ : (R ⊗Q K)×  C× → C× is a continuous character. Here the two characters χ
and χ∞ are related in the following way: for α ∈ Kf, we have χ(αO)  χ−1∞ (1 ⊗ α). Furthermore,
we have more refined relation giving the values of the character at α ∈ K(f): we have a character
ǫ : (O/f)×  K(f)/Kf → S1 ⊂ C× such that χ(αO)  ǫ(αKf)χ−1∞ (1 ⊗ α) for each α ∈ K(f). Such a
Hecke character χ is now called a Hecke character with conductor f, (O/f)×-type ǫ and infinity-type
χ∞. The non-zero ideal f is called the conductor of the Hecke character χ and it is known that it
has the same prime factors as the conductor of the curve E.
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3. Generalities of root numbers of Hecke characters associated with CM elliptic curves
3.1. Explicit computation of Hecke characters. From §2, we see that there is an element d ∈ O
unique up to multiplication by a fourth-power in O such that E is isomorphic to Ed (cf. Equation
(5)). We choose d itself to be fourth-power-free, i.e. in the unique primary prime decomposition (1)
of d, we have 0 ≤ nu , n2, nπ ≤ 3 for each odd prime π of K. This means that Equation (5) defining
Ed is minimal at each prime except (1+ i)O. In particular, the curve Ed has good reduction modulo
any odd prime not dividing d.
Let χ : I(f) → C× be the Hecke character associated with the curve Ed . Here f is an integral
ideal of O having the same prime ideal divisors as the conductor of the curve Ed .
Lemma 3.1. Let p be a prime ideal of K such that p ∤ 2f with residue field k  kp. If E  Ed is the
elliptic curve defined by the Weierstrass equation (5), then concerning the number of k-rational points on
the reduction E˜ of E modulo p, we have the following results.
• If p is of degree one, i.e. k  Fp for some rational prime p ≡ 1 (mod 4), we have
#E˜(k)  p + 1 −
(
d
π
)
4
π −
(
d
π
)
4
π,
where p  ππ is the decomposition of p in K with primary prime elements π and π.
• If p is of degree two, i.e. k is a degree two extension of Fp for some rational prime p ≡ 3 (mod 4),
we have
#E˜(k) 

p2 + 1 d is not a square in k,
p2 + 1 − 2p d is a square but not a fourth power in k,
p2 + 1 + 2p d is a fourth power in k.
Proof. Over the rationals Q, it is proved in [IR90, §18.4, Theorem 5]. We can prove the result
similarly over K. 
Proposition 3.2. The Hecke character χ : I(f) → C× associated with the curve Ed defined by the equation
(5) is given by, for any prime ideal p of K co-prime to 2f,
χ(p) 
(
d
p
)
4
π,
where π is the unique primary generator of p.
Proof. This is due to Lemma 3.1, as explained in [Sil94, Example II.10.6]. 
From this, we can identify the infinity type of the Hecke character χ∞.
Lemma 3.3. Let E  Ed be an elliptic curve over K with the same assumptions as in Subsection 2.3. Then
the infinity type χ∞ : C× → C× of the corresponding Hecke character χ is given by z 7→ z−1.
Proof. Since the Hecke characters attached to CM elliptic curves are of weight 1 (cf. [Sch88, §1.1]),
the infinity type must be either of the form z 7→ z−1 or of the form z 7→ z¯−1. In order to determine
which one is the true infinity type for our case, we consider an element α ∈ O such that α ≡ 1
(mod pn) where p is an odd prime with pn | | f, n > 0, that α ≡ 1 (mod (1 + i)mO) where m is any
integer ≥ max(ord(1+i)O f, 3) and that αO is a prime ideal of O. The existence of such an element
is guaranteed by Lemma 4.1. Now, since αO ∈ Pf and since (d/αO)4  1 due to the conditions of
α, we see that χ∞(α)  α−1. This implies that the infinity type is indeed z 7→ z−1. 
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3.2. Root numbers of Hecke characters. Let E be an elliptic curve defined over K given by the
Weierstrass equation (5) with fourth-power-free d ∈ O. The (global) root number of the associated
Hecke character χ of E can be represented by the product of local root numbers of χ. In our case,
for any place v of K, we can compute the local root number wv(χ) as follows with three cases
(cf. [Roh11, Lecture 2], or [Wat11, §§3–5]):
(1) If v is archimedean, in other words, since our K is imaginary quadratic, if v is the unique
complex place of K, then wv(χ)  −i.
(2) If χ is unramified at v, in other words, if E has good reduction at v, then wv(χ) 
χv(dv)/|χv(dv)|, where χv is the local component of χA, i.e. χv  χA ◦ ιv, where ιv : K×v →
A×
K
/K× is induced by the natural inclusion and dv is the local different of the completion Kv
of K with respect to v. In particular, if moreover v is odd, then wv(χ)  +1. On the other
hand, if v is the unique place lying over the prime 2, i.e. the place corresponds to the prime
ideal (1 + i)O of K and if E has good reduction at v, then wv(χ)  χ(dv)  χ((1 + i)3O).
(3) Suppose χ is ramified at v, i.e. E has bad reduction at v. Let χvu  χ
v/|χv |. we have
wv(χ)  χvu(β) · G(χv), (7)
where β ∈ K× is any element satisfying v(β)  a(χv) + n. Here a(χv) is the exponent of the
conductor of χv (cf. [Roh11], pp. 28–29), and n is the valuation of the local different ideal
of Kv . Moreover, G(χv) is the normalised Gauss sum given by:
G(χv)  q−a(χv )/2 ·
∑
x∈(Ov/f(χv ))×
(χv)−1(x) · e2πi tr
Kv
Qp
(x/β)
.
Remark. (1) The local character χv : K×v → C× is ramified if and only if the original curve E has
bad reduction at v. Moreover, the exponent of the conductor a(χv) of χv is exactly the half
of the exponent of the conductor of E at v (cf. [ST68, Theorem 12]). In particular, if v is odd
and E has bad reduction at v, then a(χv)  1.
(2) We can compute the values of χv using [Roh11, Proposition 2.1]. More precisely, suppose
that p is a prime ideal of K with corresponding finite place v and π is a uniformiser for v.
Then we have the following.
• If p ∤ f, then χv(π)  χ(p).
• If p | f then χv |O×v  ǫ−1v .
• If β ∈ OK and βOK is a power of some prime ideal p dividing f, then
χv(β)  χ−1∞ (β) ·
∏
q |f, q,p
ǫq(β).
4. Proofs of the main results
The following result is a generalisation of Dirichlet’s theorem on arithmetic progression over
the Gaussian field K.
Lemma 4.1. Letm1, · · · ,mJ be mutually relatively prime ideals of O and α j ∈ O for j  1, · · · , J be given.
Then, there are infinitely many prime elements x ∈ O such that x ≡ α j (mod m j) for all j  1, · · · , J.
Let us consider the elliptic curve Ed defined by the equation (5) with fourth-power-free d ∈ O
and the primary prime decomposition (cf. Subsection 2.1) of d:
d  inu · (1 + i)n2 ·
∏
π:degree 1
πnπ ·
∏
−q:degree 2
(−q)nq . (8)
Here, we have separated prime elements of K into two kinds: those with absolute residual degree
one or two. Note also that the primary generator of a prime of degree two is of the form −q with
q being a rational prime congruent to 3 modulo 4. For primes of degree one, we denote by π its
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primary generator. Also note the range of the exponents n• of the factors in (8): we have 0 ≤ n• < 4
since i4  1 and d is assumed to be fourth-power-free.
Lemma 4.2. Suppose that v is a finite place of K with corresponding prime ideal pv of O, and assume that
pv ∤ 2 and that pv is of degree one. Let d be a fourth-power-free element in O. Then the local epsilon type
ǫv associated with Ed at v is completely determined by the value v(d). More precisely, ǫ is of exact order 4
(resp. 2, resp. 1) if and only if v(d) ∈ {1, 3} (resp. v(d)  2, resp. v(d)  0).
Proof. Note that the residue field ofpv is Fp for a rational prime p ≡ 1 (mod 4). Fix an element g of
O which generates the multiplicative group F×p modulo pv . By Lemma 4.1, we can find a primary
prime element x ∈ O and u ∈ O× such that
ux ≡

g modulo pv ,
1 modulo pw for all w with w(d) > 0, w(2)  0 and w , v ,
1 modulo 16O.
Note that u  1 because both x and ux are primary. Write x  a + bi with a , b ∈ Z, a ≡ 1 (mod 16)
and b ≡ 0 (mod 16). Expand d as the product of primary elements, i.e. d  inu ·(1+i)n2 ·∏l |d , odd πnll ,
with πl being primary odd primes. Then,
ǫv(g)  ǫ(x)  χ(xO)χ∞(x)

(
i
x
)nu
4
·
(
1 + i
x
)n2
4
·
∏
l |d , odd
(πl
x
)nl
4
 i−
a−1
2
nu · i a−b−1−b24 n2 ·
(
g
pv
)npv
4

(
g
pv
)npv
4
,
by Proposition 3.2 and quartic reciprocity (Theorem 2.2). As (·/pv)4 is of exact order 4, so ǫ is of
exact order 4 (resp. 2, resp. 1) when npv  v(d) ∈ {1, 3} (resp.  2, resp.  0). 
Proposition 4.3. Let d ∈ O be a fourth-power-free element and Ed the elliptic curve defined by (5) with d
and with corresponding Hecke character χ.
(1) Suppose that π arbitrary primary prime of degree one dividing d with order n ∈ {1, 2, 3}, and v its
corresponding valuation of K. Then,
wπ(χ)  ηn · π|π| ·
(
d/πn
π
)
4
·
(
π−1
π
)n
4
· G(χv), (9)
where η ∈ {±1}. Here η  −1 if and only if π ≡ 3 + 2i (mod 4).
(2) Let q be a rational prime dividing d congruent to 3 modulo 4 and v the valuation corresponding to
the prime qO. Then,
wq(χ)  −
(
d/(−q)n
−q
)
4
· G(χv). (10)
In this case, one has
G(χv) 
{
1 when χv has exact order 2,
−1 when χv has exact order 4.
Proof. (1) Let f be the conductor of the character χ. We compute wπ(χ) following the formula (7)
with picking β  p as follows.
wπ(χ) 
χv(p)
|χv(p)| · G(χ
v)  π|π| · χ
v(π) ·
∏
w(f)>0, w,v
ǫw(π) · G(χv).
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Let pw be the prime ideal corresponding to each valuation w , v such that w(f) > 0, i.e. pw ’s are
prime ideal factors of f. In order to compute the product of local epsilon factors in the above
expression, we choose, by Lemma 4.1, a primary prime element x ∈ O and a unit u ∈ O× so that
ux ≡

π (mod (1 + i)8)
π (mod pw) for odd w , v and w(f) > 0,
π−1 (mod pnv ).
Since π is primary, the first condition ensures that u  1, and all of the conditions above are
arranged to imply
χv(π) ·
∏
w(f)>0, w,v
ǫw(π)  ǫ(x) 
(
d
x
)
4
.
Therefore,
wv(χ)  π|π| · ǫ(x) · G(χ
v)  π|π| ·
(
d/πn
x
)
4
·
(π
x
)n
4
· G(χv)

π
|π| ·
(
inu
x
)
4
·
( (1 + i)n2
x
)
4
·
(
d/(inu (1 + i)n2πn)
x
)
4
·
(π
x
)n
4
· G(χv).
Now one can observe the following.
• It follows from Equation (4) that (i/x)4  (i/π)4 and ((1 + i)/x)4  ((1 + i)/π)4.
• Since d/(inu (1+i)n2πn) is theproduct ofprimaryprimeelements, by factoring it intoprimary
primes and interchanging the “denominators” and the “numerators” in the quartic residue
symbol by Equation (3), we get(
d/(inu (1 + i)n2πn)
x
)
4

(
d/(inu (1 + i)n2πn)
π
)
4
.
• Since x ≡ π (mod 4), we see (π/x)4  η · (x/π)4  η · (π−1/π)4.
Summarising, we obtain Equation (9).
(2) In this case, the normalised Gauss sum G(χv)  1 (resp. −1) if and only if χv has exact order
2 (resp. 4) (cf. [MvdV03], p. 383 and [Mbo98, Theorem 2.4]). This shows the last statement. Now,
by Formula (7) with β  q,
wπ(χ) 
χv(q)
|χv(q)| · G(χ
v) 
∏
w(f)>0, w,v
ǫw(q) · G(χv).
Let pw be the prime ideal corresponding to each valuation w , v such that w(f) > 0, i.e. pw ’s are
prime ideal factors of f. As above, we choose a primary prime element x ∈ O and a unit u ∈ O×
so that
ux ≡

q (mod (1 + i)max(ord(1+i) f, 4))
q (mod pw) for odd w , v and w(f) > 0,
1 (mod pnv ).
Since −q is primary, the first condition ensures that u  −1, and all of the conditions above are
arranged to imply
wq(χ)  ǫ(−x) · G(χv)  −
(
d
x
)
4
G(χv)  −
(
d/(−q)n
x
)
4
·
( (−q)n
x
)
4
· G(χv).
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Now, in the same fashion as above, we can see(
d/(−q)n
x
)
4

(
d/(−q)n
q
)
4
, and
( (−q)n
x
)
4

(−1
−q
)n
4
 1,
whence (10). 
Corollary 4.4. Let π be a primary prime element of degree one of O such that π ≡ 3 + 2i (mod 4)
and v its corresponding valuation of K. Consider the elliptic curve Eπ defined by (5) with d  π and
the corresponding Hecke character χπ. Then the set {wv(χd)/wv(χπ) : d  imπ with m  0, 1, 2, 3} is
identical to the set of the fourth roots of unity, µ4.
Proof. The defining equation forE is also given by Equation (5)with d  imπ for some m  0, 1, 2, 3.
Then it follows from Lemma 4.2 and Proposition 4.3 (1), we see that wv(χd)/wv(χπ) 
(
i
π
)m
4
. Since
π ≡ 3 + 2i (mod 4), by Formula (4) we have
(
i
π
)
4
 ±i, whence the result follows. 
Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. Let E be the elliptic curve defined by the Weierstrass equation (5) with d  π
being a primary Gaussian prime of degree one. Also, let v be the place of K corresponding to the
prime π and χ the corresponding Hecke character for E/K. It follows from [Mat79, Theorem 2],
that the Gauss sum G(χv) in (7) is contained in µ4 ·
√
π/|√π |. Thus, wv(χ) ∈ µ4 ·π3/2/|π|3/2. Thus,
it is enough to show
(1) that the set {π/|π| : π being primary Gaussian primes of degree one.} is dense in the unit
circle S1, and
(2) that for each such prime π and a fourth root ζ, there is an elliptic curve E with Hecke
character χ such that wv(χ)  ζ · π3/2/|π|3/2.
For (1), it can be shown by the Sato–Tate theory for CM elliptic curves. Let p be a rational
prime congruent to 1 modulo 4. Then we may write p  l2 + m2 for l , m ∈ Z. In fact, there are 8
representations (l , m) satisfying this equation; if we further require l ≡ (−1)(p−1)/4 (mod 4), then
such l is unique with l  12 ap , where ap is the eigenvalue of the Hecke operator Tp on the modular
form associated with the elliptic curve E : y2  x3 − x. For such choices of l and m, we see that
π  l + mi and π  l − mi are primary primes. Since E is a CM elliptic curve, it is well-known
due to Hecke that ap  2
√
p cos θp with θp ∈ [0, π], and that for any interval I  [α, β] ⊂ [0, π],
we have
lim
x→∞
#{p ≤ x : θp ∈ I}
#{p ≤ x} 
δI
2
+
β − α
2π
,
where δI  1 if π/2 ∈ I and δI  0 otherwise. In particular, this implies that there are infinitely
many primary Gaussian primes π such that π/|π| is contained in any ball centred at a point in S1
and having arbitrary positive radius.
Now let us prove (2). By Corollary 4.4, given ζ ∈ µ4 and π, there is m ∈ {0, 1, 2, 3} such that
wv(χimπ)  ζ · π3/2/|π|3/2. This proves the Theorem. 
Corollary 4.5. Let q′ be a rational prime congruent to 3 modulo 4, relatively prime to d, and k ∈ {1, 2, 3}.
(1) Let π be a prime of degree one dividing d. Then,
wπ(χ(−q′)k d)  wπ(χd) ·
(−q′
π
) k
4
.
(2) Let q be a prime of degree two dividing d. Then,
wq(χ(−q′)k d)  wq(χd).
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Proof. (1) From Lemma 4.2, it follows that G(χπ(−q′)k d)  G(χπd ), and hence
wπ(χ(−q′)k d)/wπ(χd) 
(−q′
π
) k
4
,
by Proposition 4.3. This gives the result.
(2) The proof is the same as in (1), once one notes that
( −q
−q′
)
4
 1 (cf. Proposition 2.1 (5)). 
Proof of Theorem 1.2. Given θ ∈ S1, let Ed be the curve defined by (5) as usual and v a valuation
of K such that wv(χd)  θ. Suppose first that v corresponds to a prime ideal of O of degree two,
i.e. there is a rational prime q ≡ 3 (mod 4) such that qO is the prime ideal corresponding to v. In
this case, Corollary 4.5 (2) shows that wv(χ−q′d)  wv(χd) for any rational prime q′ , q with q′ ≡ 3
(mod 4).
Suppose that v corresponds to a prime idealp  πO of degree onewith primary prime generator
π ∈ O. Then by Lemma 4.1, there are infinitely many rational primes q congruent to 3 modulo
4 such that
(−q
π
)
4
 −1, so
(−q
π
)2
4
 1. Then by Corollary 4.5 (1), for the curve E(−q)2d and for its
corresponding Hecke character χ(−q)2d , we have wv(χ(−q)2d)  wv(χd). 
Now we turn our focus to Theorem 1.3. We recall some classical results of Wirsing.
Lemma 4.6 ([Wir61, Satz 1]). Let f be a non-negative multiplicative function such that
• there exist constants c1 and c2 < 2 satisfying f (pv) ≤ c1cv2 for all primes p and v ≥ 2,
• there exists a real number τ > 0 satisfying∑
p≤X
f (p)  (τ + o(1)) X
log X
.
Then, we have ∑
n≤X
f (n) 
(
1
eγτΓ(τ) + o(1)
)
X
log X
∏
p≤X
∞∑
v0
f (pv)
pv
.
Here Γ is the gamma function and γ is the Euler–Mascheroni constant.
Lemma 4.7 ([Wir67, Satz 1.2.2]). Let f be a non-negative multiplicative function such that
• there exists a constant c satisfying f (p) ≤ c for all primes p,
• there exists a real number τ > 0 satisfying∑
p≤X
f (p)  (τ + o(1)) X
log X
.
Then, for g with |g(n)| ≤ f (n), we have∑
n≤X
g(n) 
(∏
p
(
1 +
g(p)
p
+
g(p2)
p2
+ · · ·
) (
1 +
f (p)
p
+
f (p2)
p2
+ · · ·
)−1
+ o(1)
) (∑
n≤X
f (n)
)
.
The following lemma is a variant of [Wil74, Theorem 1].
Lemma 4.8. Let ξ be an n-th root of unity for some positive integer n, and let a and m be positive integers
satisfying (n , m)  1 and (a , m)  1. Then the product∏
p≤X
p≡a (mod m)
(
1 − ξ
p
)−1
converges to non-zero constant as X goes to infinity.
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Proof. Let ψ be a non-principal Dirichlet character of order m. There is a constant bψ such that∑
p≤X
ψ(p)
p
 bψ + Oψ
(
1
logX
)
.
Then,
−
∑
p≤X
log
(
1 − ξψ(p)
p
)
 ξ
∑
p≤X
ψ(p)
p
+
∑
p
( ∞∑
k2
ξkψ(p)k
kpk
)
+ Oψ
(
1
logX
)
 b′ψ,ξ + Oψ
(
1
logX
)
,
for some constant b′
ψ,ξ
. Therefore, by taking exponential to the above equation, we see that there
is a constant cψ,ξ , 0 such that∏
p≤X
(
1 − ξψ(p)
p
)−1
 cψ,ξ + Oψ
(
1
logX
)
. (11)
Let kψ,ξ be a completely multiplicative function defined by
kψ,ξ(p) : p
(
1 −
(
1 − ξψ(p)
p
) (
1 − ξ
p
)−ψ(p))
,
for each prime p. By following [Wil74], we have
|kψ,ξ(p)| ≤ 1
p
+
∞∑
n3
1
pn−1
n − 1
n
≤ 1
p − 1 .
Therefore, ∑
p
 ∞∑
n1
(
kψ,ξ(p)
ps
)n  ≤ ∑
p
∞∑
n1
(
1
(p − 1)pσ
)n

∑
p
1
pσ+1 − pσ − 1
is finite for σ > 0. In the same region,∏
p
(
1 − kψ,ξ(p)
ps
)−1

∏
p
(
1 +
∞∑
n1
(
kψ,ξ(p)
ps
)n)
converges absolutely. Hence,
Kξ(s , ψ) :
∞∑
n1
kψ,ξ(n)
ns
converges absolutely and has Euler product on σ > 0. Therefore, there exists cψ , 0 such that∏
p≤X
(
1 − kψ,ξ(p)
p
)−1
 cψ + Oψ
(
1
log X
)
. (12)
By the orthogonality of characters,
∏
p≤X
p≡a (mod m)
(
1 − ξ
p
)φ(k)

∏
ψ
©­«
∏
p≤X
(
1 − ξ
p
)ψ(p)ª®¬
ψ(a)
.
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Then by Equations (11) and (12) and the definition of kψ,ξ , we have∏
p≤X
(
1 − ξ
p
)ψ(p)

∏
p≤X
(
1 − ξψ(p)
p
) ∏
p≤X
(
1 − kψ,ξ(p)
p
)−1

(
cψ,ξ + O
(
1
logX
)) (
cψ + O
(
1
logX
))
 cψ,ξcψ + O
(
1
logX
)
.
Therefore, ∏
p≤X
p≡a (mod m)
(
1 − ξ
p
)

∏
ψ
(
cψ,ξcψ
) ψ(a)
φ(m)
+ O
(
1
logX
)
,
which proves the lemma. 
Proposition 4.9. Let a , b , m and n be integers such that (a , m)  (b , n)  (m , n)  1, Ω(X) be the set
of square-free positive integers x whose size is less than X and each prime divisor of x is congruent to b
modulo n. Then there is a constant c , 0 such that
|Ω(X)|  c(1 + o(1)) X
(log X)1− 1φ(n)
.
Let Ωa,m(X) be a set of elements of Ω(X) which is equal to a modulo m. Then
|Ωa,m(X)|  1
m
|Ω(X)| + O
(
X
logX
)
.
Proof. We recall [Wil74, Theorem 1], that is
∏
p≤X
p≡b
(
1 − 1
p
)

©­«e−γ nφ(n)
∏
ψ,ψ0
(
K1(1, ψ)
L(1, ψ)
)ψ(b)ª®¬
1
φ(n)
1
(log X) 1φ(n)
+ O
(
1
(log X) 1φ(n)−1
)
. (13)
Following the proof of [BFL08, Lemma 11], define a multiplicative function f by, for each prime p,
f (p) 
{
1 p ≡ b (mod n),
0 otherwise.
and f (pv)  0 for all v ≥ 2. Then, we have ∑k≤X f (k)  |Ω(X)|. By the prime number theorem
for arithmetic progressions, this multiplicative function f satisfies the condition of Lemma 4.6 for
c2  0 and τ  1/φ(n). Therefore,
|Ω(X)| 
(
1
e
γ
φ(n)Γ(φ(n)−1)
+ o(1)
)
X
log X
∏
p≤X
p≡b
(
1 +
1
p
)
.
Since the product
∏
p≤X, p≡b (mod n)(1 − 1/p2) is convergent to a non-zero constant as X → ∞,
Equation (13) yields ∏
p≤X
p≡b
(
1 +
1
p
)
 c3(1 + o(1))(log X)
1
φ(n) ,
for some non-zero constant c3. This gives the first part of Proposition.
By the orthogonality of characters, we have
|Ωa,m(X)|  1
φ(m)
∑
k≤X
∑
ψ
ψ(a)ψ(k) f (k)  1
φ(m)
∑
ψ
ψ(a)
∑
k≤X
ψ(k) f (k),
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where
∑
ψ is taken over Dirichlet characters of modulus m. Therefore, it is enough to show that∑
k≤X
f (k)ψ(k) 
{
(1 + o(1)) · φ(m)m · |Ω(X)| if ψ  ψ0,
O
(
X
logX
)
if ψ , ψ0,
where ψ0 is the principal Dirichlet character of modulus m. We first consider (ψ  ψ0)-case. We
define
m′ 
∏
p |m
p≡b (mod n)
p.
Since the number of elements inΩ(X)which is divisible by p is exactly |Ω(X/p)|, by the inclusion-
exclusion principle, we have ∑
k≤X
f (k)ψ0(k) 
∑
d |m′
µ(d)|Ω(X
d
)|.
By the first part of this proposition, we have∑
k≤X
f (k)ψ0(k)  (1 + o(1)) · ©­«
∑
d |m′
µ(d)
d
ª®¬ · |Ω(X)|  (1 + o(1)) ·
φ(m′)
m′
· |Ω(X)|.
Since f (k) and f (k)ψ(k) satisfy the condition of Lemma 4.7, we have
∑
k≤X
f (k)ψ(k) 
©­­«
∏
p≤X
( ∞∑
i0
f (p i)ψ(p i)
p i
) ©­«
∞∑
j0
f (p j)
p j
ª®¬
−1
+ o(1)
ª®®¬
∑
k≤X
f (k). (14)
Now, we will show that ∏
p≤X
p≡b (mod n)
(
1 +
ψ(p)
p
)
(15)
converges to a non-zero complex number as X goes to infinity, for all non-principal characters ψ
of modulus m. Write∏
p≤X
p≡b (mod n)
(
1 − ψ(p)
p
)−1

m−1∏
i0
∏
p≤X
p≡b+in (mod mn)
(
1 − ψ(b + in)
p
)−1
.
Then by Lemma 4.8, each product converges to the non-zero complex number. Since∏
p≤X
p≡b (mod n)
(
1 − ψ
2(p)
p2
)
converges to a non-zero constant, the product (15) also converges to a non-zero constant. Then by
(14) and the previous calculations, there is a non-zero constant c4 such that∑
k≤X
f (k)ψ(k)  c4 1
(log X) 1φ(n)
∑
k≤X
f (k),
which gives the cases with (ψ , ψ0). 
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Proof of Theorem 1.3. Recall for a real number X > 0,Q(X) is the set of elements x ∈ O with |x | < X,
represented as the product of distinct primary primes of degree two. Write d as the product of
primary primes (cf. Equation (8)):
d 
∏
i∈I
πi ·
∏
j∈J
(−q j)n j ,
and let
d1 
∏
i∈I
πi , d2 
∏
j∈J
(−q j)n j , d̂2 
∏
j∈J
(−q j).
For each function f : J → {0, 1} we define
Q f (X) : {Q ∈ Q(X) : ordq j Q  f ( j)}.
Then Q(X) is the disjoint union of Q f (X), for all f ∈ {0, 1} J . For a fixed f ∈ {0, 1} J , define
L  f −1(0) and T  f −1(1). Then we can write d  ∏i∈I πi · ∏l∈L(−ql)nl · ∏t∈T (−qt)nt . For
Q ∈ Q f (X), we write Q 
∏
k∈K(−qk) ·
∏
t∈T (−qt).
By Proposition 4.3 and Corollary 4.5, we have, for each i ∈ I,
wπi (χdQ)  η ·
πi
|πi | ·
(
dQ/πi
πi
)
4
·
(
πi
−1
πi
)
4
· G(χπi
dQ
)
 η · πi|πi | ·
(
d/πi
πi
)
4
·
(
πi
−1
πi
)
4
· G(χπi
d
) ·
(
Q
πi
)
4
 wπi (χd) ·
∏
k∈K
(−qk
πi
)
4
·
∏
t∈T
(−qt
πi
)
4
.
Also for each k ∈ K,
wqk (χdQ)  wqk (χd1·(−qk )) 
(
d1
−qk
)
4

∏
i∈I
(−qk
πi
)
4
,
and for l ∈ L,
wql (χd)  wql (χQd).
Therefore,
w(χdQ)
w2(χdQ)  −i
∏
i∈I
wπi (χdQ)
∏
l∈L
wql (χdQ)
∏
k∈K
wqk (χdQ)
∏
t∈T
wqt (χdQ)
 −i
∏
i∈I
(
wπi (χd)
∏
k∈K
(−qk
πi
)
4
∏
t∈T
(−qt
πi
)
4
) (∏
l∈L
wql (χd)
) (∏
t∈T
wqt (χdQ)
)∏
k∈K
(∏
i∈I
(−qk
πi
)
4
)

w(χd)
w2(χd)
∏
i∈I
(∏
k∈K
(−qk
πi
)
4
∏
t∈T
(−qt
πi
)
4
)∏
k∈K
(∏
i∈I
(−qk
πi
)
4
) (∏
t∈T
wqt (χdQ)
wqt (χd)
)

w(χd)
w2(χd)
∏
i∈I
∏
k∈K
(−qk
pi
)
2
∏
i∈I
∏
t∈T
(−qt
πi
)
4
(∏
t∈T
wqt (χdQ)
wqt (χd)
)
, (16)
where pi  πiπi . Here we use
(−qk
πi
)2
4

(−qk
pi
)
2
. We note that for all Q ∈ Q f (X), the terms
∏
i∈I
∏
t∈T
(−qt
πi
)
4
(∏
t∈T
wqt (χdQ)
wqt (χd)
)
in (16) are equal.
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As before, let Q f ,a,m (X) be the set of elements in Q f (X) that is equivalent to a modulo m, and
P :
∏
i∈I pi . Then,∑
Q∈Q f (X)
w(χdQ)
w2(χdQ) 
∑
Q∈Q f (X)
w(χd)
w2(χd)
∏
i∈I
∏
k∈K
(−qk
pi
)
2
∏
i∈I
∏
t∈T
(−qt
πi
)
4
(∏
t∈T
wqt (χdQ)
wqt (χd)
)

w(χd)
w2(χd)
∏
i∈I
∏
t∈T
(−qt
πi
)
4
(∏
t∈T
wqt (χdQ)
wqt (χd)
) ©­«
∑
Q∈Q f (X)
∏
i∈I
∏
k∈K
(−qk
pi
)
2
ª®¬

w(χd)
w2(χd)
∏
i∈I
∏
t∈T
(−qt
πi
)
4
(∏
t∈T
wqt (χdQ)
wqt (χd)
) ©­«
∏
i∈I
∏
t∈T
(−qt
πi
)2
4
ª®¬
∑
Q∈Q f (X)
(
Q
P
)
2

w(χd)
w2(χd)
∏
i∈I
∏
t∈T
(−qt
πi
)3
4
(∏
t∈T
wqt (χdQ)
wqt (χd)
) ©­«
∑
a,+
∑
Q∈Q f ,a ,P(X)
1 −
∑
a,−
∑
Q∈Q f ,a ,P(X)
1
ª®¬ ,
where the sum (a ,+) is taken over quadratic residues a modulo P and (a ,−) is taken over non-
residues. Since n ∈ Q f ,a,P (X) if and only if n ∈ Q(X), n ≡ a (mod P) and n . 0 (mod q j) for q j
satisfying f ( j)  0, we get∑
Q∈Q f (X)
w(χdQ)
w2(χdQ)

w(χd)
w2(χd)
∏
i∈I
∏
t∈T
(−qt
πi
)
4
(∏
t∈T
wqt (χd)
wqt (χdQ)
) ©­­­­­­«
∑
a,+
∑
b≡a(P)
b.0(q j )
for f ( j)0
|Q
b,Pd̂2
(X)| −
∑
a,−
∑
b≡a(P)
b.0(q j )
for f ( j)0
|Q
b,Pd̂2
(X)|
ª®®®®®®¬
,
whereQ
b,Pd̂2
(X) is the subset ofQ(X) consisting of integers x satisfying x ≡ b (mod Pd̂2). Similarly
consider Ω
b,Pd̂2
(X) is the set of positive integers x such that x ≤ X, that each prime divisor of x is
congruent to 3 modulo 4, and that x ≡ b (mod Pd̂2). Then one can easily see that the map
x 7→ |x |, Q
b,Pd̂2
(X) ∪ Q−b,Pd̂2(X) → Ωb,Pd̂2(X) ∪Ω−b,Pd̂2(X)
is bĳective. Since Pd̂2 ≡ 1 (mod 4), b and −b are both quadratic residues or both quadratic
non-residues modulo Pd̂2. Therefore∑
a,+
∑
b≡a(P)
b.0(q j )
for f ( j)0
|Q
b,Pd̂2
(X)| 
∑
a,+
∑
b≡a(P)
b.0(q j )
for f ( j)0
|Ω
a,Pd̂2
(X)|.
and the same holds for
∑
a,−. By Proposition 4.9,∑
Q∈Q f (X)
w(χdQ)
w2(χdQ) 
∑
a,+
∑
b≡a(P)
b.0(q j )
for f ( j)0
|Q
b,Pd̂2
(X)| −
∑
a,−
∑
b≡a(P)
b.0(q j )
for f ( j)0
|Q
b,Pd̂2
(X)| ≪ o(1) X
(log X) 12
.
Therefore, ∑
Q∈Q(X)
w(χdQ)
w2(χdQ) 
∑
f ∈{0,1} J
∑
Q∈Q f (X)
w(χdQ)
w2(χdQ) ≪ o(1)
X
(log X) 12
,
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so for any ǫ > 0, there is a X0 such that∑
Q∈Q(X)
w(χdQ)
w2(χdQ) ≤ c · ǫ ·
X
(log X) 12
,
for all X ≥ X0, where c is the constant in the statement of Lemma 4.9. Hence
lim
X→∞
1
|Q(X)|
∑
Q∈Q(X)
w(χdQ)
w2(χdQ) ≤ limX→∞
1
|Q(X)| · c · ǫ ·
X
(log X) 12
≤ ǫ,
again by Lemma 4.9. 
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